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Introduction
In this paper we prove a lifting result for local cohomology. As a special case we get the following result for the Serre- As an application of our result we give a completely elementary proof of Serre's finiteness theorem (7) for cohomology of coherent sheaves over projective varieties.
This also gives a special case of Grothendieck's finiteness theorem (5) , namely the graded case. In fact, we shall prove this result for local cohomology supported in the homogenous maximal ideal of a graded algebra of finite type over a discrete valuation ring.
The proof of (1 • 1) will furnish a number peZ such that H l (X, 8 ? \ H (n)) = 0, Vn < p. It seems interesting to know, how small n must be to guarantee that H i+1 (X, !F(ri)) = 0. In (4-8) a corresponding bound for n is given; this bound is obtained by following the arguments of the proof. But except in very special cases, it is far from being optimal.
For general references (in particular with respect to notations) see: (l), (4) concerning ideal transforms, (5) for local cohomology, (6) , (7) for Serre cohomology, (6) for general algebraic geometry, (8) for general commutative algebra. . Thus, for all n < 0, z: H n _ x -> H n is injective. This shows that (c x , c 2 )e?7 n for some n < c. Consequently we have A 2 -{(0,0)} = U m <c^i-As ^2~{(0,0)} is quasicompact we find an n 0 < c such that k 2 -{(0,0)} = U nQ . By decreasing n 0 if necessary, we may assume that Replacing A by A' and C7 by its canonical image U does not affect our hypotheses. So we may replace A by A', thus assuming that A o = k is an algebraically closed field. But now we are in the situation of (2-1), and our conclusion is clear.
A lifting principle for graded modules
Example ( Remark (2-4). There is a version of (2-1), which holds for arbitrary ground fields k. We namely only need to assume that (a) and (b) hold 'universally', e.g. that these properties remain valid under finite algebraic extensions of the ground field. A similar statement holds for (2-2) (see (2)). A-modules. Then, the cohomology sequence takes the form
Application to Cohomology
In the sequel, assume that M is finitely generated and graded over A. An element x e A is said to be filter-regular (see (9) Choosing a system U of representatives of V -{0} = A x we must have x^Uf=ift f°r all x e U. But this is the requested property.
A pencil V as in (3-2) will be called a pencil of/-regular elements with respect to M.
Remark . The proof of (3-2) shows that we may even choose
where {q x ,..., q r } is a set of homogeneous primes of A satisfying > 1 fori = l,...,r. 
Remark (3-4). Let

(M). Then it holds W m (M) ~ H^M). If i > 1, it also holds H*n\MfxM) ~ H^MfxM). Hi = l.H^^S/xS)
= T m {M/xM)is of finite length. All x e U are JJf-regular, thus in particular /-regular with respect to M. So we may replace M by M to prove our claim. Therefore we may assume that the elements xeU are all regular with respect to M. This leads to exact sequences
So, in cohomology we obtain exact sequences H^1(M/xM) -> H^M) -> H^(M) for all xeU. Now we conclude by (2-2).
Remark (3) (4) (5) (6) . To prove (1*1), write $* = M and use the well known relations Proof. See ((l), (3-1) ) and use the sequence
.. be as in the previous section. For a finitely generated A -module M which is graded, we introduce the following three invariants: 
